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Abstract 

Let A be a unital commutative associative algebra over a field of characteristic zero, 6 be a Lie 
algebra, and 3 a vector space, considered as a trivial module of the Lie algebra q := A ^ t. In this 
paper, we give a description of the cohomology space H^{q,}) in terms of well accessible data asso- 
ciated to A and t. We also discuss the topological situation, where A and t are locally convex algebras. 
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Introduction 

Let A be a unital commutative associative algebra over a field K with 2 £ and t be a K-Lie algebra. 
Then the tensor product g := A ^ i is a Lie algebra with respect to the bracket 

[a ® x, a' x'] := aa (8) [x, x']. 

Let 3 be a vector space, considered as a trivial g-module. The main point of the present paper is to 
give a description of the set H'^{g,i) of cohomology classes of 3-valued 2-cocycles on the Lie algebra g in 
terms of data associated to A and t which is as explicit as possible. 

We consider 3-valued 2-cochains on g as linear functions /: A'^{g) — > 3. Such a function is a 2-cocycle 
if and only if it vanishes on the subspace -82(0) of 2-boundaries, which is the image of the linear map 

d: A^{g) A^(0), x Ay A z 1-^ [x,y] A z + [y, z] A x + [z, x] A y. 

In view of the Jacobi identity, i?2(0) is contained in the subspace Z2(g) of 2-cycles, i.e., the kernel of the 
linear map 6g : A^(0) g, x A y ^ [x, y]. The quotient space 

H^ig) := Z2{g)/B2{g) 
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is the second hom,ology space of g. 

A 2-cocycle / is a coboundary if it is of the form f{x, y) = dgi{x, y) := —£{[x, y\) for some hnear map 
— > 3. We write ^^(0,3) for the set of 2-coboundaries and ^^(0,3) for the set of 2-cocycles. This 
means that a coboundary vanishes on Z2{g). If, conversely, a 2-cocyclc vanishes on ^2(0), then there 
exists a linear map a: im(6g) = [0,0] — > 3 with / = —b*a, and any linear extension £ of a to all of 
yields / = dgi. This leads to the following description of the second 3-valued cohomology group 

H\g,i) := Z^{g,i)/B'(g,i) = Lm(H,(g),i) ^ Lin(Z2(0), 3). 

From this picture, it is clear that we obtain a good description of H^{q,^) if we have an accessible 
description of the space ^2(0) and its subspace .82(0), hence of the quotient space -^2(0)- Our goal is a 
description of this space and the cocycles in terms of accessible data attached to the commutative algebra 
A and the Lie algebra t. For a K- vector space V, we identify the second exterior power A'^{V), resp., the 
second symmetric power S'^{V) with the corresponding subspaces ofV^V. Accordingly, we put 

X Ay := ^{x y - y <^ x) € A'^{V) and x \/ y := ^{x y + y (gi x) £ S^{V) 

and obtain V (E)V = A'^{V) ® S'^{V). For the commutative algebra A, we have a natural decomposition 

S'^{A) ^ AV 1 ® Ia, where I a Q S'^{A) is the kernel of the multiphcation map S'^(A) A. The first 

step, carried out in Section 2, is to show that by identifying A with A V 1 C S^{A), we obtain a linear 
isomorphism 

P = {Pi,P2,P3) : A\q) ^ {A\A) ® S\i)) ®{A^ A\t)) 8 {Ia A\t)), (1) 
restricting to a linear isomorphism 

^2(0) ^ (A2(A) ® 52(e)) ®iA(?) Z2ii)) © {Ia ® A\t)). (2) 
Now each alternating map / : A^ (0) — » 3 is represented by three maps 

h:A\A)^S\t)^i, f2:A^A\t)^i, and fs: Ia ^ A\t) ^ (3) 

determined by / = J2^=i fj ° Pj the sense of (1). Since two cocycles define the same cohomology 

class if and only if they coincide on the subspace ^2(0) of A'^{q), any cohomology class [/] G 77^(0,3) 
is represented by the triple (/i,/2,/3), where /2 := f2\A^Z2it)- Conversely, three linear maps /i,/2 and 
/a as in (3) define a cocycle if and only if / :— J2^=i fj °Pj vanishes on -B2(0)- The main result of the 
present paper is Theorem 3.1 which makes this condition more explicit as follows: 

(a) The alternating hnear map /i : ^ x ^ — > Sym2(e,3) defined by /i(a, h){x, y) := fi{a A b <Si x V y) 
has values in the set Sym^{i, 3)' of invariant symmetric bilinear maps and /i vanishes on To{A) ig) (J V £'), 
where 

To{A) := span{a6 Ac + bcAa + caAb — abc Al: a,b,c G A} 

and 6' := [4,6] denotes the commutator algebra of 6. 

(b) For the map /2 : ^ — > Alt2(6, 3) defined by /2(a)(x, y) := /2(a V 1 (g) x A y), we have 

dt{f2{a)){x,y,z) = -f2{a){d{x A y A z)) = fi{a,l){[x,y], z) for all a€A,x,y,z£t, 
with the Lie algebra differential dt: C^{t,i) = Alt^{t,i) Z^{t,i). 
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(c) /3 vanishes on ® (6 x 6'). 

Note that these conditions imply that the two maps /i © /2 and /a are also cocycles, whereas /j^and 
/2 are cocycles if and only if /i vanishes on (A A 1) (8) (8 V t'), which, in view of (b), means that f2{A) 
vanishes on -62(^)5 i-e-, /2 has values in the space ^^(6,3) of 3-valucd 2-cocyclcs on t. Cocycles of the form 
/i ® /2, where /i and /2 are not cocycles, are called coupled. All coboundaries are of the form f = f2 
(/i = /s = 0), so that the cohomology class of a coupled cocycle contains only coupled cocycles. 

We show that g possesses non-zero coupled 2-cocycles if and only if the image of the universal deriva- 
tion : A — > n^{A) is non-trivial and 6 possesses a symmetric invariant bilinear form k for which the 
3-cocycle r{K){x,y, z) := K{[x,y],z) is a non-zero coboundary. The map F: Sym^(t)' — *• Z^{t) is called 
the Koszul map (cf. [Kos50], §11; see also [ChE48], p. 113). Calling an invariant symmetric bilinear form 
K G Sym^(6)' exact if T{k) is a coboundary, this means that t possesses exact invariant bilinear forms k 
with T{k) non-zero. Note that this is not the case if I is finite-dimensional semisimple, so that there are 
no coupled cocycles in this case. 

Our approach leads us to an exact sequence of the form 

{0} ^ H\q/q')^,^ © Lin(A, H\t))^^H\Q)^^Un{{n\A), dA{A)), {Z\l)r, B\t)r)) - {0}, 

which is the main result of Section 4. Here i?^(g/g')i^3 denotes the set of alternating bilinear forms on 
0/0' '^A® t/t' of the form /i + /s, and for two pairs (X, X') and (F, Y') of linear spaces with X' C X 
and y C y we write 

Lin((X, X'), (r, Y')) := {/ & Lin(X, Y) : /(X') C Y'}, 

so that we have Lin(X,y) = Lin((X, 0), (F, 0)), and we put Z^{t)r := im(r) C Z'^{t) and B^{t)T := 
^■^(t) nim(r). From the exact sequence, it follows that a crucial part of the description of H^{q) lies in an 
understanding of the spaces Z^{i)r and B^(6)r. In an appendix, we show that the map 7: Sym^(6)* — > 
H^{t), induced by the Koszul map F, is part of an exact sequence 

{0} ^ H^{i) H\t,i*) ^ Syrn^ {t)^^^H^{i) H^{t,r) ^ H\t,Sym^{i)), (4) 

which implies that for the space Sym^(8)*x = ker7 of exact invariant forms we have 

Sym2(t)«^ ^ H\i,r)/H\t) and im(7) ^ Sym' (tf / Sym\t)l^ ^ Z^ {t)r / {t)r ■ 

In Section 5, we give an example of a non-trivial coupled 2-cocycle and in Section 6 we explain how 
our results can be used for the analysis of continuous cocycles if K G {R, C} and A and I are locally 
convex spaces with continuous algebra structures. Then q = A^t carries the structure of a locally convex 
Lie algebra, and we are interested in the space H'^{q,i) of cohomology classes of continuous 2-cocycles 
with values in a locally convex space 3 modulo those coboundaries coming from continuous linear maps 
0^3. The main difficulty in applying the algebraic results in the topological context with an infinite 
dimensional Lie algebra I is the possible discontinuity of a linear map /i : ^ 3 bounding an algebraically 
trivial 2-cocyclc. 

If £ is a finite dimensional semi-simple Lie algebra and A a topological algebra, then the continuous 
second cohomology space if^(0,K) has been determined in [Ma02] as Zl{A.¥^) Sym^(J,]K)', where 
Zl{A,'K) denotes the space of continuous K- valued cyclic 1-cocycles on A (sec [KL82] for the algebraic 
case). As any exact form vanishes on a semi-simple Lie algebra, there are no coupled cocycles in this 
case. 
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The main previous contributions to the investigations of H2{q) for q = A®i and arbitrary t and A 
are the articles by Haddi [Ha92] and Zusmanovich [Zus94]. Both offer a description of H2{g) in terms 
of (sub- or quotient) spaces. Haddi [Ha92] uses the projection S2 ■ H^ig) — > i?2((A*(g){, 9)) of H2{g) to 
the homology of the quotient complex of 6-coinvariants and computes kernel and cokcrncl of this map. 
The cokernel of S2 is isomorphic to Q'/[g, g'], and the kernel is isomorphic to {A (g) H2{t, 6')) © D{A, 6, 4'), 
H2{t,t') is the kernel of the projection ^2(6) — > H2{t/t') (the subspace of essential homology), and 
D{A, t, 6') is the subspace of i?2(0) generated by cycles of the form ax A y + ay A x for x or y £ t' and 
a € A, which lies in A^(^) (g) 5*^(6) (in our notation). Furthermore he uses a non-canonical splitting to 
identify the homology of the coinvariants H2{{A*{g)t, d)) with {fl^ (A) / dA{A) Bt^f) © A'^{g/g'), where 
Bt^t' is the image of 6 V t' in the space of fi-coinvariants of symmetric 2-tensors on t. He thus obtains an 
exact sequence 

^ {A<g>H2{t,t'))(BD{A,t,t') ^ H2{g)^^{n\A)/dA{A) <E> Bi^i,) (B A^g/g') ^ g'/[g,g'] ^ 0. 

It is instructive to compare this sequence with our exact cohomology sequence described above. 

Zusmanovich [Zus94] uses as extra data a free presentation of t and deduces one of g. He describes the 
subspace of essential homology H2{g, g') by the Hopf formula in terms of the presentation. In this way, he 
identifies the different terms in the exact sequence given by the 5-term cixact sequence of the; Hochschild - 
Serre spectral sequence for the subalgebra g' C g (using non-canonical splittings). His description yields 

^^2(0) ^ {A^H2{t)) © {n\A)/dA{A)^B{t)) © (A2(6/«') ® 7a) e {S^t/t') ® T{A)), 

where B{t) is the space of 6- coinvariants in 5^(6), and T{A) c A^(A) is spanned by the elements abAc + 
ca A b + be A a for a,b, c € A. 

The main advantage of our approach is that is does not require any auxiliary data and provides a 
quite explicit description of cocycles representing the different types of cohomology classes. In particular, 
this direct approach leads us to the interesting new class of coupled cocycles. In subsequent work, we 
plan to use the methods developed in [Ne02] to study global central extensions of Lie groups G whose 
Lie algebras are of the form g = A 6 defined by coupled Lie algebra cocycles. For algebras of the type 
A = C^(M, R), i.e., compactly supported smooth functions on a manifold M, this has been carried out 
in [MN03] and [Ne04]. 

Thanks: We are grateful to M. Bordemann for a stimulating email exchange and for pointing out 
the relation to the exact sequence (4), part of which is due to him. We also thank the referee for an 
extremely valuable report and in particular for pointing out several references and some inaccuracies in 
a previous version. 

Notation 

In the following, we write elements of g = A^t simply as aa; := a(Six to simplify notation. Elements of A 

are mostly denoted a,b,c,... or a, a', a", . . . and elements of t are denoted x,y,z,. . . or x, x', x", We 

write t' := [6, t] for the commutator algebra of 6 and observe that g' = A^t' is the commutator algebra 
of 0. 

We also write CP{g) := CP{g,K), ZP{g) := ZP{g,K), BP{g) := BP{g,K), and ^^(0) := HP{g,K) for 
the spaces of Lie algebra p-cochains, cocycles, coboundaries and cohomology classes with values in the 
trivial module K. We write Sym^ (6, 3) for the space of 3-valued symmetric bilinear maps on 6 and put 
Sym^(l) := Sym^(t, K). Accordingly, we write Alt^(t,3) for the set of 3-valued alternating bilinear maps. 
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1 Several approaches to the universal differential module of A 



In this section, we review different constructions of the universal differential module il}{A). The rela- 
tionship bctwcK^i these constrTictions will play a crucial role in the following. 

An important object attached to the algebra A is its universal differential module il^{A). This is an 
j4- module with a derivation (Ia- A il^{A) which is universal in the sense that for any other A-module 
M and any derivation D: A ^ Af, there exists a unique module morphism a: fl^{A) — > M of ^-modules 
with D — a o cIa. From its universal property, it is easy to derive that the universal differential module 
is unique up to isomorphism, but there are many realizations, looking at first sight quite differently. 

Let fiA '■ A()^A^A, a(S>b^~^ab denote the multiplication of A. Then fiA is an algebra morphism, so 
that J A ■= ker ha is an ideal of the commutative algebra A^ A. From the A-module structure on A(S) A, 
given by a.(6 (8) c) := aft (g) c, we thus derive an A- module structure on the quotient space Ja/Ja^ which 
also is a (non-unital) commutative algebra. Let [x] denote the image of x G in Ja/Ja- Then 

D: A^ Ja/J\, a^[\.®a-a®l] 

is a derivation and it is not hard to verify that {Ja/J\, D) has the universal property of {Q}-{A), cLa) (cf. 
[Bou90], Ch. Ill, §10.11). We obviously have the direct decomposition A® A = 1) ® J a, where the 
projection onto the subspace J a is given by 

P:A®A^Ja, a®b\-^a®b — ab®l. 

This implies that 

J A = span{a ®h - ab®\: a,b & A} = {A® l).span{l 06-6(8)1: b& A), 

and thus 

J\ = span{(a ® 1)(1 6 - 6® 1)(1 c - c® 1): a, 6, c e A} (5) 
= span{a (8) 6c — a6 c — ac ® 6 + a6c (8 1 : a,b,c <E A}. 

Another way to construct Q^{A) is by observing that each linear map D: A ^ M leads to a linear 
map D: A® A^ M, a 6 aDb, and that £> is a derivation if and only if 

ker5 D {I0a6-a0 6-60a: a, 6e^}, 

which implies that ker D contains the A-submodule 

Bi{A) := span{c ® ab — ca ®b — cb ® a: a, 6, c G A} = span{a6 c + ac 6 — a 6c: a,b,c£ A}, 

of A ® A. The quotient 

HHi{A) := {A®A)/Bi{A) 
is called the first Hochschild homology space of A. Prom the preceding discussion, it follows that the map 

HHi{A) n^{A), [a 6] adA{b) (6) 
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is an isomorphism of A- modules because the map D: A ^ HHi{A), a [1 a] is a derivation with the 
universal property (of. [Lo98], Prop. 1.1.10). The link between the description of Q^{A) as HHi{A) and 
Ja/J\ is given by the commutative diagram 

A® A — ^ J A 

HH^{A) JaIJ\ 

with the isomorphism [a (g) 6]) — aD{b) = [a®b — ab®l]. Note that the commutativity of the diagram 
implies that 

Jl=p{B,{A))- (7) 

Let 

T{A) := span{a6 Ac-\-bc h a + ca & K^{A): a,b,c e A] 

denote the image of the subspace Bi{A) C A® A under the quotient map A® A h?{A),a®b ^ ahb. 
In view of adA(b) + bdA(a) = dA{ab), the image of the subspace of symmetric tensors, which we identify 
with S'^{A), in Q^{A) coincides with dA{A), so that (6) immediately shows that the map 

A\A)/T{A) ^ {A®A)/{S\A)+Bi{A)) ^ n\A)/dA{A), [aAb]^ Ha(6)] 

induces a linear isomorphism. It is well known that the first cyclic homology space 

HCi{A) := Q}{A)ldA{A) ^ HHi{A)/[l ^ A] = A^{A)/T{A) 

is of central importance for Lie algebra 2-cocycles on Lie algebras of the form A® t (cf. [KL82]). 

Alternating bilinear maps / : A x A — > 3 for which the corresponding map A^(A) — > 3 vanishes on 
T{A) are called cyclic 1-cocycles, which means that 

f{a,bc) + f{b,ca) + f{c,ab)^0 for a,b,c£A. 

From the above, it follows that the space Z^{A,}) of 3- valued cyclic 1-cocycles can be identified with 

Lin(iICi(^),3) = {L€ Lm{fl\A),i): dA{A) C keri}. 

We define two trilinear maps 

T: A^{A), {a,b, c) ^ y^^ab A c := ab A c + be A a + ca A b 

eye. 

and 

To: A^ ^ A'^{A), To(a, b, c) := T(a, b, c) - abc A 1. 
We also put To{A) := span(im(To)). 

Lemma 1.1 The map 

jA ■■ A2(A) fl^{A), a A 6 adA{b) - bdA{a) 
is surjective and ker7^ = To{A). 
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Proof. That ja is surjective follows from 

7A(a A 6 + 1 A a6) = adA{b) — bdA{a) + dA{ab) = 2adA{b). 

For the determination of the kernel of 7a, we use the realization of fl^{A) as Ja/Ja- this case, 
dA{a) = [1 <8) a — a <8) 1], so that 

7^(0 A 6) = [a (g) 6 — a6 (g) 1 — 6 (g) a + 6a (g) 1] = [a 6 — 6 (g) a]. 

Therefore the kernel of -ja is the intersection A^{A) n J%, where we consider A^{A) as the subspace of 

skew-symmetric tensors in A(E) A. 

Writing A (g) A as (A) © S*^ (A) , the commutativity of the multiplication of A shows that 

JA=A^iA)OlA holds for U := Ja^ S'^{A). (8) 

Since the flip involution is an algebra isomorphism oi A(S) A, we have 

A2(A)A2(A) + S^{A)S^{A) C S^{A) and A^{A)S^{A) C A^{A). 

This implies that 

ker7A = A'^iA) D j\ = I a ■ A^{A), 
and that this subspace coincides with the image of J\ under the projection 

a: A^ A^ A'^{A), a 6 a A 6 = ^(a (g) 6 - 6 (g a). 

Finally, this leads with (5) to 

ker7A = a{j\) = span{a A be — ab A c — ac A b + abc Al: a, b,c G A} = To{A). 



2 A decomposition of A^(g) 

In this section, we turn to the identification of the space 82(0) of 2-coboundaries in ^2(0) in terms of 
our threefold direct sum decomposition (2). 

From the universal property of A^(g), we immediately obtain linear maps 

p+: A'^{q) A'^{A) 5*^(6), ax Aby ^ a Ab® xW y 

and 

p- : A^(0) S'^{A) (g) A^(t), ax Aby ay b®x Ay. 
We likewise have linear maps 

(T+ : A^{A) (g S'^(e) A^{q), a Ab® xV y ^{ax Aby + ay A bx) 

and 

(7_: S'^{A) (g) A^(e) A^(fi), aV b® X Ay ^ -{ax Aby - ay Abx) 
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satisfying 

p+ o (7-1- = id, p- o a- = id and (^+p+ + (7_p_ = idA2(g) . 
In this sense, we have 

A2(fl) ^ (a2(a) s\i)) e (52 (^) a2(«)), 

and the projections on the two summands are given by p±. 

Recall the kernel J a of the multiplication map fiA'- A® A. The map 

(7A- A^ S'^{A), a^ayl 

is a section of the multiplication map /i^, so that we obtain a direct sum decomposition 

S'^iA) ^{A\J1)®Ia^A®Ia 

(cf. (8)). In view of this decomposition, we obtain a linear isomorphism 

P = {Pi,P2,P3) : A'(0) ^ (A2(A) S\t)) e (A A\t)) e (7a A\t)), (9) 

where the projections pi,P2,P3 on the three summands are given by 

Pi{ax A by) = p+{ax A by) = a A b ^ x V y = ^{ax Aby + ay A bx), 

P2{ax A by) = ab^ x Ay, and P3{ax A by) = (a V 6 — a6 V 1) a; A y. 
The following lemma provides the decomposition of ^2(0) which is a central tool in the following. 
Lemma 2.1 The space Z2{g) is adapted to the direct sum decomposition of A'^{g): 

P{Z2{q)) = {A\A) S\i)) © (A Z^ii)) © {Ia ® A2(e)). 

Proof. Since &g(a3: A by) = ab[x,y] is symmetric in a,b and alternating in x,y, its kernel contains 
A^{A) S^{t). The formula for bg also shows immediately that I a A^(l) C ker6g, so that it remains 
to observe that 

P{Z2{e)) n (A A^t)) = ker6g n (A A2(t)) = A Z2(e) 
because 6g(a V 1 x A y) = ^bg{ax Ay + x A ay) = a[x, y] = abt{x A y). ■ 

In the following, we write = mod -B2(fl) for congruence of elements of A'^{g) modulo .82(0). 
Lemma 2.2 For a,b,cG A and x,y,z G t, we have 

Pi{d{ax Aby A cz)) = pi{abcx A [y, z]) = —p2{d{ax Aby A cz)) mod -62(5)- 

In particular, {pi +P2)(-B2(fl)) Q B2{g). 
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Proof. Prom 



d{ax A by A cz) = ab[x, y] Acz + bc[y, z] Aax + ac[z, x] A by 

d{cxAayAbz) = ac[x,y] A bz + ab[y, z] A cx + bc[z, x] A ay 

d{x A acy A bz) = ac[x, y] Abz + abc[y, z] Ax + b[z, x] A acy 

d{cx Ay A abz) = c[x, y\ A abz + ab[y, z\ A cx + abc[z, x] A y 

d{bcx A ay A z) = abc[x, y] A z + a[y, z] A bcx + bc[z, x] A ay 

d{abcx Ay A z) = abc[x, y] A z + [y, z] A obex + abc[z, x] A y, 



we derive 

d{ax A by A cz) + d{cx A ay A bz) — d{x A acy A bz) — d{cx Ay A abz) 

—d{bcx Aay A z) + d{abcx Ay A z) 
= ab[x, y] Acz + bc[y, z]Aax + ac[z, x] Aby — b[z, x] A acy — c[x, y] A abz — a[y, z] A bcx 

—abc[y, z] Ax + [y, z] A abcx 
= 2ab Ac(g)[x,y]\/ z + 2bc A a(g)[y, z]\/ X + 2ac Ab^[z,x]V y - 2abc A 1 (g) a; V [y, 2:] 
= 2pi{d{ax Aby Acz)) — 2pi{abcx A [y, z]). 

This proves the first congruence. 

Note that for a G A and x,y,z £ t we have 

d{ax Ay A z) = a[x, y] A z + [y, z] Aax + a[z, x] A y, 

which impUes that 

a[x, y] A z + a[z, x] Ay = ax A [y, z] mod B2{g). 
Summing over all cyclic permutations of {x,y, z), leads to 

2'^^a[x,y] A z = '^^ax A[y, z] mod i?2(0)• 
cyc. eye. 

From the relation (10), we get 

2pi{abcx A [y, z]) = abc[y, z] Ax + abcx A [y, z] = ^ abc[y, z] Ax = ^ abc[x, y] A z. 

eye. eye. 

In view of 

P2{d{ax Aby Acz)) = P2{ab[x,y] Acz + bc[y,z\ Aax + ca[z,x\ Aby) 
= abc (g) {[x, y] A z + [y,z] A X + [z, x] A y) 
= abc0 d{x Ay A z), 

relation (11) yields 
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2p2{d{ax Aby A cz)) = ^ abc[x, y] A z — abcz A [x, y] = abc[x, y] A z — 2 abc[x, y] A z 

eye. eye. eye. eye. 

= — abc[x, y] A z = —2pi{d{ax Aby A cz)). 

eye. 

■ 

In view of the preceding lemma, the projection pi + p2 of A^(g) onto the subspace 

A^{A)^S^{t)(BA^A^{t) 
preserves 82(0) ■ This also implies that id —pi — p2 = ps preserves 52(0), and we derive that 

^2(0) = B2i0) n {A^{A) ^ s\t) 0^0 A\t)) e £2(0) n {Ia ® A\t)). 

The following lemma provides refined information. 

Lemma 2.3 (1) A^{A)(g)i.S^{i)+To{A)(S)iVt' C B2{q) andpi{B2{3)) = A^{A)(S)tS^{t)+T{A)(g)tVt'. 

(2) P2iB2{Q))^A^B2it). 

(3) /a (e A «') = ^3(^2(0)) C £2(0). 

Proof. (2) follows immediately from formula (12). 

(1) Recah the identifications a; Ay = ^{x^y-y^x) a,nd xVy = ^{x^y + y^x). That A^(^)(g)6.S'^(6) 
is contained in ^2(0) follows immediately from 

d{ax Aby A z) — d{bx A ay A z) 
= ab[x, y] A z + b[y, z] Aax + a[z, x] Aby — ab[x, y] A z — a[y, z] Abx — b[z, x] A ay 
= b[y, z] Aax + a[z, x] Aby — a[y, z] Abx — b[z, x] A ay 
= 2bAa®[y,z]Vx + 2aAb^[z,x]\/y 
= 2a Abi^ {[z,x]V y - [y,z]\/ x) 
= 2a Ab® z.{xy y). 

Therefore the description of p\{B2{q)) = im(pi o d) follows from 

Pi{d{ax A by A cz)) = pi{ab[x,y] A cz + bc[y, z] A ax + ca[z,x] Aby) 

= ab A c(^ [x,y]V z + be A aiS^ [y, z]V X + ca Ab IE) [z,x]\/ y 

= {abAc + bcAa + caAb)(S'[x,y]V z mod A^(^) ig) 6.5^(6) 

= T{a,b,c) 'E) [x,y]\/ z. 

In (12), we have seen that 

P2{d{ax Aby A cz)) = abc (8) d{x Ay A z), 

and this implies that 

P2{d{abx Ay A cz)) = abc (8) d{x Ay A z), 
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which leads to 

d{ax A by A cz) — d{abx Ay Acz) G kerp2- 

In view of 

T{a, b, c) - T{ab, 1, c) = T{a, b,c) - {ab Ac + c A ab + abc A 1) = T{a, b, c)-abcAl = To(o, b, c) 

and Lemma 2.2, the following element is contained in B2{g): 

pi{d{ax AbyA cz) - d{abx Ay A cz)) e (T(a, b, c) - T{ab, 1, c)) ® [a;, y] V 2; + A^(A) tS'^{t) 

C To{a,b,c)^[x,y]\/ z + B2{g), 

and now Lemma 2.2 implies that To(^) (g) t' V t C B2(£l)- 
(3) First we note that 

Ps{d{ax Aby A z)) = P3{ab[x, y] A z + b[y, z] Aax + a[z, x] A by) 
= {abV 1 - abV 1) iSi[x,y] A z + {bV a - abV 1) iSi[y,z] Ax + {aV b - abV 1) iSi[z,x] Ay 
= {aVb-abVl)<^{[y,z]Ax+[z,x]Ay). (13) 

Since p3 preserves -82(0) (Lemma 2.2), this expression lies in i?2(0)- Using the same formula for all cyclic 
permutations of x, y, z and adding all three terms, we see that 



2(a V 6 - a6 V 1) ^[a;, y]Aze ^2(0). 



eye. 

This also implies that 



{a\/ b - abV 1) [x,y] A z = {a\/ b - abV 1) iSi (^^[x,y] A z - {[y, z]Ax+ [z, x] A y)^ G B2{q). 

eye. 

Next we note that I a is spanned by elements of the form a V 6 — a& V 1, because a\/ b 1-^ aV b — abV 1 
is the projection of S^{A) onto I a with kernel A = A\/1. Therefore i?2(fl) contains /a (81 6' A t. On the 
other hand, (13) shows that P3(B2(fl)) is clearly contained in 7^ <8> 6' A 6. ■ 

Theorem 2.4 With the linear map 

7':A(8)(t(8it(8)t)-> A^(g), a iS) {x 'S) y ^ z) <->■ {a A 1 ^ [x,y] V z) + a®d{x Ay Az) 

we get the following description of B2{g): 

B2{q) = A^{A) ® t.S^t) +To(A)r^iyt' + im(F) + (g) (« A 6')- 

Proof. The description of the position of 82(2) given in Lemma 2.3 is already quite detailed. It shows 
in particular that 

^2(5) - (Pi +P2)(S2(0)) ©^3(^2(0)) = {pi +P2)(S2(0)) ©/a® (enr) 

and that (pi +P2){B2{q)) contains A'^{A) (g) tS'^{i). 
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We know from the proof of Lemma 2.3(1) that, modulo the subspace A^(A) C 52(0), we 

have 

{pi + P2){ax Aby A cz) = T{a,b,c) ^ [x,y]\/ z + abc^^ d{x Ay A z) 

= To (a, b,c) [x,y]W z + abc A 1 [x,y] W z + abc ®d{x Ay Az) 

= To(a, b, c) iSi[x,y]V z + F{abc (g) a; y (g) 0) C To(A) O « V 6' + im(F). 

Since To{A) 6 V J' C ^2(0) by Lemma 2.3, we also obtain the converse inclusion 

im(F) C (pi+p2)(B2(fl)) + ro(A)®«V«' + A2(A)®e.5"(e) CB2(0). 

Now the theorem follows. ■ 



3 The description of the 2-cocycles 

As explained in the introduction, elements of H^{q,^) can be identified with linear maps /: .^2(0) 3, 
vanishing on the subspace -82(0)- We further write 2-cocycles as / = /i + /2 + /s, according to the 
decomposition in Lemma 2.1, where 

h: A\A) ^ S\t) ^ f2:A^A\t)^i and h: Ia ^ A\t) ^ 

Here /i corresponds to an alternating bilinear map fi: Ax Sym^(fi,3), /2 to a linear map 

h-.A^ Lin(A2(£),3), f^{a){x A y) = ^{/{ax Ay)- f(ay A 

and /s to a symmetric bilinear map fs: Ia ^ Alt^(6,3). The condition, that three such maps /i,/2,/3 
combine to a 2-cocycle 

/: A2(g) -.3, aAa' ®xVx' + {b\/l)(^yAy' + c®{zAz') ^ h{a,a'){x,x') + J2{b){y,y') + J:i{c){z,z'), 
is that / vanishes on i?2(fl)- To make this condition more explicit, wc define the Koszul map 

T: Sym^l.if ^ Z\t,i), T{n){x,y,z) := n{[x,y],z). 
That is alternating follows from 

T{K){x,z,y) = K{[x,z\,y) = K(y, [x,z]) = K{[y,x],z) = ~r(K)(x,y,z) 

and the fact that the symmetric group S3 is generated by the transpositions (1 2) and (2 3). That the 
image of F consists of 3-cocycles is well known ([Kos50], §11; [ChE48], p. 113). 

Recall that for each l-module 0, the Lie algebra differential dt : C^(6, 0) — > C^+^(6, a) is given by 

p 

{dtOj){xo, ...,Xp) := ^{-iyxj.oj{xo, Xp) 

+ ^i-iy'^^uj{[xi,Xj], xo,...,Xi,.. .,Xj, . . .,Xp), (14) 

i<j 

where Xj indicates omission of Xj. 

For the following theorem, we observe that the Lie algebra differential df-. C^(t,3) ~ Alt^(6, 3) — ^ 
Z^{t,^) factors through the surjective map Alt^(t,3) — » Lin(Z2(6),3), whose kernel are the 2-coboundaries. 
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Theorem 3.1 (Description of cocycles) The function / = /i + /2 + /s as above is a 2-cocycle if and only 

if the following conditions are satisfied: 

(a) im(/i) CSym2(e,3)«. 

(b) fi{To{A)) vanishes on t x t' . 

(c) rf((/2(a)) = r(/i(a, 1)) for each a G A. 

(d) fz{lA) vanishes on tx t'. 

Proof. The linear map / is a 2-cocycle if and only if it vanishes on B2{q). In view of Theorem 2.4, 
-82(0) is the sum of four subspaces, so that we get four conditions. 

Condition (a) means that / vanishes on A'^{A) (g) t.S^{t), and condition (b) that it vanishes on the 
subspace To{A) 6 V 6'. 

That / vanishes on the image of F, means that 

r(/i(a,l))(a;,y,^) = fi{a,l){[x,y], z) = -f2ia){d{x A y A z j) = {dtj2{a)){x,y, z) 

for a € A and x,y,z G t, which is (c). 

Finally, (d) means that / vanishes on 7^ I A 6'. ■ 

Corollary 3.2 f = fi + f2 + fa is a cocycle if and only if f\ + /2 and fs are cocycles. 

Corollary 3.3 A function of one of the three types f = fi, i = 1, 2, 3, is a 2-cocycle if and only if the 

following conditions are satisfied: 

{i = 1) im(/i) C Sym^(6,3)' and the induced map Ax A ^ Lin({ V 6', 3)' is a cyclic 1-cocycle. 

{i = 2) /2(A)CZ2(t,3). 

{i = 3) fail a) vanishes on tx t'. 

Proof. That f — fi is a. 2-cocycle is equivalent to / vanishing on Pi{B2{Q)), so that Lemma 2.3 leads 
to the stated characterizations. ■ 

Remark 3.4 A special class of cocycles are those of the form / = /i, vanishing on g x q' . The cocycles 
of the form f = fa also vanish on the commutator algebra, and the sums of these two types exhaust the 

image of the injective pull-back map i^^Cfl/fl', 3)1,3 = Alt^(0/0', 3)1,3 H'^{g,i), where Alt^(£|/£|', 3)1,3 
denotes the set of all alternating maps vanishing on [AV 1) (E) [t/i' A i/i') C A^(0/0'). 

Corollary 3.5 For each cocycle f = fi + f2 + fa, there exists a decomposition fi = fi + fi, where 
/?(fl,0') = {O}, im(/i)CSym2(8,3)« and To{A)Ckevfl 
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Proof. Conditions (a) and (b) in Theorem 3.1 only refer to the restriction of /i to the subspace 
A'^{A) (g) (4 V 6') of A'^{A) $5 <S'^({). This has the following interesting consequence. We have a short exact 
sequence 

{0} ^ Sym2(e/e',3) - Sym2(e,3)« ^ Lin(«V6',3)* - W, 
where the surjcctivity of the map Sym (B,^)' Lin(? V follows from the fact that any symmetric 

bilinear extension of an element of Lin(fi V 6', 3)' is invariant. Any splitting of this sequence extends fi 
to an alternating bilinear map fl:AxA^ Sym2(t,3)« with 

fl{a,b){x,y) = fi{a,b){x,y) for a,b & A,x € t,y G t' 

and such that To{A) C ker//. Then 

r(/i(a,l)) = r(/i(a,l)) for a G A, 

so that /i + /2 + /a also is a cocycle by Theorem 3.1. We conclude that /° := /i — is a cocycle 
vanishing on g x g'. This proves the assertion. ■ 

Proposition 3.6 (Description of coboundaries) A cocycle f = fi + (2 + fs is a coboundary if and only 
i/Zi = /a = and there exists a linear map £: A ^ Lin(J,3) with dg£ = f2, i.e., 

f2{a) = dt{l{a)) for all a e A. 

Proof. That / is a coboundary means that it vanishes on .^2(0)- According to Lemma 2.1, this 
implies that /i = /s = 0. Since the bracket map 6g : A^(fl) ^ is alternating in I and symmetric in A, 
all coboundaries are of the form / = /2. ■ 

A coupled cocycle is a cocycle of the form /i + /2 for which /i is not a cocycle. The following theorem 
characterizes the pairs {A, 6) for which A®t possesses coupled cocycles. In Section 5 below, we shall also 
give a concrete example of a Lie algebra 6 satisfying this condition. 

Theorem 3.7 The Lie algebra q = A®1 possesses coupled cocycles if and only if dA{A) ^ {0} and t 
possesses a symmetric invariant bilinear form k for which T{k) G Z^{t) is a non-zero coboundary. 
If this is not the case, then each cocycle f G Z^{q) is a sum 

/ = /l + /2 + /3 = /f + /l'+/2 + /3. 

of four cocycles, where 

(a) fi vanishes on g x g'. 

(b) fl e Sym^({,3)') is a cyclic 1-cocycle. 

(c) f2{A)CZHi,i). 

(d) /s vanishes on gx g'. 
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Proof. First let / = /i + /2 be a coupled cocycle on q. Then we have r(/i(A, 1)) ^ {0}. Composing 
with a suitable linear functional x : 3 ^ K with 

X o r(/i(A 1)) = r((x o hr{A, i)) ^ {o}, 

we may w.l.o.g. assume that 3 = K. Then there exists an a £ A with 

rf((/2(«))=r(/i(a,l))^0. 

Now K := /i(a, 1) G Sym^(J)' is an invariant symmetric bilinear form for which T{k) is exact and 
non-zero. Then a A 1 e T{A) \ To{A) (Theorem 3.1), so that ^ ^^(0) in Q'^{A) (Lemma 1.1). 

If, conversely, ^^(^4) ^ {0} and k is an invariant symmetric bilinear form on t for which T{k) is a 
non-zero coboundary, then we pick rj G C^(t) = Alt^(t) with dtrj = T{k). We now define linear maps 

/i := ® k: A\A) ^ Sym2(«,ni(A))«, /i(a A b){x,y) := K{x,y) ■ {adA{b) - bdA{a)) 

and ^ ^ 

/2 := -d^ ® ^ C;2(j^ ^i(^))^ /2(a)(x,2/) := -Ji{x,y) ■ ci^(a). 

We claim that the corresponding map / = /i + /2 is a 2-cocycle by verifying the conditions in 
Theorem 3.1. Condition (a) is obviously satisfied, and (b) follows from To{A) — ker7^ (Lemma 1.1). 
Further /s = 0, and (c) follows from 

diUa) = -{dtri) ■ dAia) = -TiK)dAia) = r(/i(a, 1)). 

That /i is not a cocycle, i.e., that / is coupled, means that fi{AAl){t x 6') ^ {0}, which is equivalent 
to dA{A) ^ {0} and T{k) = 77 7^ 0. This completes the proof of the first part of the theorem. 

For the second part, we assume that either dA{A) = To{A)/T{A) vanishes, which means that To (A) = 
T(A), or that for each exact invariant symmetric bilinear form n on t we have T(k) = 0. Then for each 
cocycle f — fi + fl + /2 + /s as in Corollary 3.5, either fl vanishes on T{A) (if dA{A) vanishes) or 
f2{A) C Z^(fi,3) (if for all exact forms on 6 the 3-cocycle vanishes). Both conditions imply that fl 
and /2 are cocycles. Hence the assertion follows from Corollary 3.3. ■ 

Corollary 3.8 If H^{t, t*) = {0}, then q = A®t has no coupled cocycles. 

Proof. From the exact sequence in Proposition 7.2 below, it follows that the Koszul map 

7: Sym\t)' ^H\t),K^[r{K)] 
is injective, and this implies that each exact invariant form vanishes. ■ 

The following proposition describes the universal cocycle for g in terms of our threefold direct sum 
decomposition. 

Proposition 3.9 (A universal cocycle) Let p^: A^(6) Z2{t) denote a linear projection onto ^2(J)- 
Then the linear map _ 

/" := Pi ® (idA ®Pi) © Pi ■■ A2(£i) ^2(0) 
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maps -62(0) into itself, hence induces a 2-cocycle 



f 



: A^iQ) ^ ^2(0) = Z2{5)/B2{5). 



It is universal in the sense that for each space 3 the map 



•u 



is a linear bijection. 

Proof. That /" is a linear projection onto ^'2(0) follows from Lemma 2.1. The remainder follows 
from the fact that H'^{q,],) Lin(.Z2(0),3), [/] 1-^ /IzaCs) is injective onto the set of all maps vanishing 
on B2{q}. ■ 

4 The structure of the second cohomology space 

In this section, we use the results of the previous section to give a quite explicit description of the space 
H'^{g) = H'^{g,K) in terms of data associated directly to g and A. 

Lemma 4.1 Associating with each linear map f^'- A^ Z'^it) the corresponding cocycle f2 G Z^{g), we 
obtain, together with the natural pull-back map H'^{q/q') — > H'^{q), an injection 



whose image consists of all classes of cocycles of the form /i + /2 + /s • 

Proof. The image of the pull-back map H^{q/q')i^3 — > H^{q) consists of those cohomology classes 

represented by cocycles vanishing on g x g', which arc the cocycles of the form /{* + fs- Since the space 
of these cocycles intersects B'^{q) trivially, the space H'^{q/q')\^z injects into H^{q) (Remark 3.4 and 
Prop. 3.6). 

Next we recall that the cocycles of the form / = /2 : A (g) (?) — > K correspond to linear maps 
f2- A Z^{t) (which means that /2 vanishes on A (g) i?2(6)), and that such a map is a coboundary if 
and only if im(/2)(A) C B^{i), because this implies the existence of a linear map £: A ^ Lin(t) with 
/2(a) = dt{£{a)) for all a e A. The latter condition means that /2 vanishes on A® Z2{1), so that the 
cohomology classes correspond to elements in 

Lin(A (g) Z2(«)/(A (g) ^2(6)), K) ^ Lin(A (g) (Z2(«)/S2(«)), K) ^ Lin(A (g) i?2(e), K) ^ Lin(A i?^(e)). 



Given a cocycle / = /i + /2 + /a in Z^{q), we obtain the map F o /i : A^(A) Z^{t), whose kernel 
contains To{A), so that it induces a linear map 



H\0/Q\3(BLm{A,H^{t)) 



f^ : n\A) = K\A)/n{A) ^ Z'^(fi), a ■ dA{b) - h ■ d^ia) ^ r(/i(a, b)), 
mapping the subspace dA{A) C 0^(A) into the subspacc B^{t) (Theorem 3.1). In view of 

f\dA{a)) = -r(/i(a,l)) = -diihia)), 



(15) 
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the range of each map F o /i lies in the subspace Z^{t)r ■= iiii(r) C Z^{t) and 

f\dA{A)) C B^{t)r := 5^(6) n ini(r). 

We thus obtain a map 

* : ^ Un{{Q\A),dA{A)), (Z3(fi)r, i3-^(e)r)), [/] - T o A, 

where for pairs (X, X') and {Y, Y') of Unear spaces with X' C X and y' C y we write 

Lm{{X,X'),{Y,Y')) := {/ G Lin(X,y): f{X') C y'}. 
Theorem 4.2 T/ie sequence 

{0} ^ g^Lin(Ai?'(e))-^if'(0)^^Lin((J7i(A),d^(A)), (Z3(t)p, ^ {0} 

is exact. 

Proof. We have ahcady seen in Lemma 4.1 that $ is injcctivc. 

_ The kernel of \1/ consists of all cocycles / = /i + /2 + /a for which F o =0. This is equivalent to 
/i(A^(j4)) vanishing on 6 V 6', which means that /i vanishes on g x g', i.e., /i = ff. We conclude that 
ker = im $. 

To see that \l/ is surjective, let a e Lm{{Q^{A), dA{A)), {Z^{t)r, B^{t)r)) and observe that there exists 
a linear map 

: Q\A) Sym2(e)' with T o = a, 
and a linear map /3: rf^C^) — > C^(6) with 

rfe(/3(rfA(a))) = a{dA{a)) for all a e A. 

For 

h:A^{A)^Sym^{i)\ f,{a,b) := f\a ■ dA{b) - b ■ dA{a)) and /2:A^C2({), a ^ -/?(d^(a)), 
we then have 

dtihia)) = -di{(3{dA{a))) = -a{dA{a)) = -F(/^(d^(a))) = F(/i(a, 1)), 
so that the corresponding maps /i and /2 sum up to a 2-cocycle f ■= fi + /2 satisfying ^'([/]) = a. ■ 

The quotient Z^{t)r/ B^{t)r can be identified with the image of the map 

j: Sym\i)' ^ H^{i), ^ [F(k)] 

discussed in the appendix below. Prom the exactness of the sequence in Proposition 7.2, it follows that 
the space Sym^(6)*^ := ker 7 of exact invariant bilinear forms satisfies 

Sym\t)l^ H\t,t)/H\t). (16) 
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Wc also note that for a quadratic Lie algebra, i.e., a finite-dimensional Lie algebra i with an invariant 
non-degenerate symmetric bilinear form kq, the space out (J) :— der(t)/ adt of outer derivations satisfies 

H^{tX) = H^{i,^) = der(e)/ad« = out(e), 

and that the subspace H'^{1) C H^{t,l*) consists of those classes [D] of derivations D which are skew- 
symmetric with respect to kq. 

We further have kerT = Sym^ > so that 

B^{f)r ^ Sym2(t)*^/Sym2(fi/fi') and Z^{t)r = Sym2(e)7 Sym^ 

To obtain an explicit description of H^{g), it is therefore necessary to have a good description of the 
space Sym^(£)* of invariant quadratic forms on t and its subspace of exact forms. 

Problem 4.3 Let 6 be a finite-dimensional K-Lie algebra. We consider the space S := Sym2(«)« of 
invariant symmetric bilinear forms on 6. 

Let n := P|{rad(K) : k G 5} denote the common radical of all invariant symmetric bilinear forms on t. 
Fix an element k G S of maximal rank. Then n C rad(K), but is there some k for which we have equality? 

In the following remark, we collect some information that is useful to determine the space Z^{t)r- 

Remark 4.4 Suppose that (t, kq) is a quadratic Lie algebra, i.e., kq is a non-degenerate invariant sym- 
metric bilinear form on t. Then there exists for each invariant symmetric bilinear form k € Sym(6)' a 
uniquely determined endomorphism G End (6) with 

K{x,y) ^ Ko{Af,.x,y) for x,y€t. 

Now the invariance of k implies that A^, is contained in the centroid 

Cent(«) := {A e End(e): (Va; e 6) [vl.ada;] = 0}. 

The centroid of t is an associative subalgebra of End (6) on which transposition A with respect to 

Kq induces a linear anti-automorphism, satisfying 

KQ{A.x,y) = Ko{x, A'^ .y) = ko{A'^ .y,x) for all x,y€:t. 

It follows in particular that for A e Cent(fi) the invariant bilinear form ka{x, y) := kq{A.x, y) is symmetric 
if and only if A^ = A. This leads to a linear bijection 

Cent(«)+ := {A e Cent(«) : A'^ = A] ^ Sym^C^)*, A ^ ka- 

For A^ = —A, the invariant form ka is alternating, which implies that Ka vanishes on I x 6', and this 
implies that 

A{t) C = 3(6) and A{t') = {0}. 

Conversely, any A e End(4) with 6' C ker^ and im(A) C 3(6) satisfies A o ad a; = ad a; o A = for all 
X Gt, hence is contained in the centroid. We put 

Cento (e) :={Ag End(e) : t' C kei A, im{A) C 3(e)} 
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and observe that Cento (6) < Cent (I) is an ideal of the associative algebra Cent (6) because 

Cento(e) = {A€ Cent(«): A\i, = 0} 

is the kernel of the restriction homomorphism Cent(t) End(t'). 
If ^ e Cento (6), then 

Ko{A^.%t],t) = Ko([«,«], Ae) C Ko(«',3(«)) = {0}, 

so that e Cento (t). Hence the ideal Cento (t) is invariant under transposition. We have already seen 
that Cento (£) contains all skew-symmetric elements of Cent(fi), so that the involution induced on the 
quotient algebra 

Ccntrcd(e) := Cent (fi)/ Cento (e) ^ End(e') 

is trivial, which implies that this algebra is commutative. 
We thus have 

Cent(e)+ ^ Sym2(J)' and Cento(t)+ := {A e Cento(e) : A'^ = A} ^ Sym'^{t/t'). 

Therefore 

Z^{t)r = im(r) ^ Cent(e)+/ Cento(«)+ ^ Centred(«) 

carries the structure of an associative commutative algebra. 

In [MR93], Th. 2.3, Medina and Revoy describe the structure of the associative algebra Cent(t) for a 
Lie algebra t whose center Z{t) is contained in 6': The algebra Cent(t) has a decomposition with respect 
to orthogonal indecomposable idempotents ei, . . . , with Cj = idj, so that t is the direct product of 
the ideals := ejl. Moreover, the algebra Cent(6i) ~ ej Cent(6)ei is a local ring, and we have 

r 

Cent(e) = ^ Centij, where Centjj := Cj Cent(e)ej = Lm{ij/t'j, Z{ti)), i ^ j, 
as linear spaces, and 

r 

Cento(t) = (0Cento(e^)) © (0Centij). 

If, in addition, t carries a non-degenerate quadratic from ko, then Th. 2.5 loc.cit. implies that the 
decomposition of 6 as a direct sum of ideals ti is orthogonal and the idempotents ej are symmetric with 
respect to kq- We conclude in particular that 

r 

Centred(e) = Cent(e)/ Cento(«) = Centred(«i)- 

5 Some examples 

In this section we describe some Lie algebras t on which we have invariant bilinear forms k for which 
r(K) is a non-zero coboundary, so that q = A^t has coupled cocycles whenever cIa 0. 
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5.1 The split oscillator algebra 



Let t) be the 3-dimensional Heiscnberg algebra f) with generators x, y and c and the only non-trivial 
relation [x,y] = c. Then pass to the extension 6 = () xi KD of f) by a derivation D like for affine Kac- 
Moody algebras. Explicitly, we take D{x) = x, D{y) = -y and D{c) = (cf. [MP95], p.98, Ex. 6). We 
write d := (0, 1) for the element of t corresponding to D. The Lie algebra t is 4-dimcnsional, and has an 
invariant bilinear symmetric form k, as any Lie algebra with symmetrizable Cartan matrix (cf. [MP95], 
Prop. 4, p. 362). We call t the split oscillator algebra over K. 

Remark 5.1 Let us compute the dimensions of the spaces of cochains, cocycles and cohomology spaces: 



degree p 





1 


2 


3 


4 


dim CP (t) 


1 


4 


6 


4 


1 


dim HP (i) 


1 


1 





1 


1 


dim BP {i) 








3 


3 





dimZP(e) 


1 


1 


3 


4 


1 



In the preceding table, the dimension of the cohomology spaces is computed as follows: dim H'^{t) =- 1 
by definition. As t/l'^i^] = "^D, dimff^(6) = 1. By unimodularity, 6 satisfies Poincare duality ([Fu86], 
p. 27), so that the dimensions in degree 3 and 4 follow. But the Euler characteristic of a finite dimensional 
Lie algebra vanishes [Go55], which implies that iJ^(6) = {0}. 

The dimensions of the boundary spaces are clear in degree and 1. In degree 2, there remain 3 
dimensions as the difference of dimC^(6) and dimZ^(l). In the same way, we get the dimensions of Bp{^ 
for p = 3,4. Finally, dimZP(e) is the sum of dimSP(t) and dimi7P(e). 

Observe that [t, 6] = f) and [f), f)] = Kc, so that 6 is solvable, but [6, ()] = f), so that 6 is not nilpotent. 

We claim that each invariant bilinear form k is exact, which gives rise to coupled cocycles (in the 
sense of Section 3): If 7^ /i G C"*(6), then the fact that \ is unimodular implies that all 3-cochains z;,//, 
/i e 6, are 3-cocycles. If /i G [t, 6] = I), then iy^ii is exact, so that zd/U yields a basis of the one-dimensional 
space if^(l). Since 7^ {iuli){x^ y, c) = /i(-D, x, y, c) and for each invariant symmetric bilinear form k we 
have K{[x,y],c) = k{x, [y,c]) = 0, we see that T{k) e spanji/j/x: /i e f)} = B^{t). Hence each invariant 
symmetric bilinear form is exact. 

Remark 5.2 We now turn to the space Sym^(4)': Any invariant symmetric bilinear form k satisfies 

k{c,x) = K{[x,y],x) = -K{[y,x],x) = -K{y,[x,x]) = 0. 

K{c,y) = K{[x,y],y) = K{x,[y,y]) = 0. 
k(c,c) = K{[x,y],c) = K{x,[y,c]) = 0. 
K{d,x) = K{d,[d,x]) = K{[d,d],x) = 0. 
K{d,y) = -K{d,[d,y]) = -K{[d,d],y) = 0. 

K{d,c) = K{d,[x,y]) = K([d,x],y) = K{x,y). 
k{x,x) = k(x, [d, x]) = —K(x,[x,d]) = —K{[x,x],d) = 0. 
i^{y,y) = -n{y,[d,y]) = K{y,[y,d]) = K{[y,y],d) = 0. 



20 



We immediately conclude that the space of invariant symmetric bilinear forms is at most 2-dimensional 
and that each such form k is determined by K{d, c) = k{x, y) and n{d, d) (note that d is not a commutator). 
Let us denote by k,\ the (invariant symmetric bilinear form) with k\ {d, d) = 1 and Ki (x, y) = and K2 
the invariant symmetric bilinear form with K2{x,y) = K2{d,c) = 1 and K,2{d,d) = 0. Then K2 coincides 
with the invariant form k introduced above and ki,K2 form a basis of Sym'^(6)'. Combining with the 
observation in the preceding remark and Section 4, we get 



K2 9^ Sym2(e)* ^ Sym\t)l^ ^ H\t,r) ^ H\t,t) = out(«). 

For the reduced centroid, we thus get 

Cent,ed(«) = Sym2(e)VSym2(«/[e,t]) =1KH. 

We further get Z^{i)r = B^{t)r = K. 

For any algebra A, and q = A^t, the exact sequence in Theorem 4.2 now turns into a sequence of 
the form 

{0} H^iQ/Q') = K\A)*-^H\q) ^ Lin(17i(A), Z^{l)r) ^ ^'{Af ^ {0}. 

Therefore the essential part of H^{q) is isomorphic to the dual space of Vl^{A). From the construction in 
the proof of Theorem 4.2, it follows that the coupled cocycles correspond to the elements of VL^{A)* not 
vanishing on the subspace rf^(A). 

5.2 Two more classes of examples 

Example 5.3 For a Lie algebra g its cotangent bundle T*q := g* xi is a Lie algebra with the bracket 

[{f,x),{f',x')\:={x.f' -x'.f,[x,x']), where x.f = a,d* x.f = -f o adx. 
A slight generalization is obtained as follows. Suppose that 7:0X0^0* is a Lie algebra 2-cocycle, i.e., 

^ ad* x.7(?/, z) - 7([x, y\,z)= 0. 

eye. 

Then we have another Lie algebra structure on q* ®q given by 

[(/, x), if, x')] := {x.f - x'.f + 7(x, x'), [x, x']). 

We write T*g for the corresponding Lie algebra, a so-called twisted magnetic extension of Q. 
The symmetric bilinear form given by 

«((/,x),(/',x')) :=f{x') + f'{x) 

satisfies 

r{K){{f, x), {f',x'), if", x")) = niix.f - x'.f + j{x, x'), [x, x']), (/", x")) 

= f"{[x,x']) + f'{[x",x]) + f{[x',x"])+^{x,x'){x") 

= jix,x'){x")+Y,fi[x',x"]). (17) 

eye. 
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This implies that k is invariant if and only ii "/{x, x' , x") := "f{x, x'){x") is alternating, hence an element 
of Z^{g) (cf. [Bo97], Lemma 3.1). Let us assume that this is the case and note that T{k) vanishes only if 
7 = and g is abelian. 

For the alternating bilinear form ri{{f, x), (/', x')) := f{x') — f'{x) we then have 

V{[{f, x), if, x')], if", x")) = {x.f -x'.f + 7(x, x')){x") - f"i[x, x']) 

= j{x,x'){x") + f'i[x",x])+f{[x',x"])-r{[x,x']), (18) 

so that 

{dv){{f,x),{f',x'),{f",x")) = -J2{.n[x",x]) + f{[x',x"])-f"{[x,x']))-J2^{x,x'){x") 

eye. eye. 

= -37(x,x')(x")-^/([x',a;"]). (19) 

eye. 

Let q: T*q g denote the canonical projection. Then the preceding calculation shows that r(K;) is a 
coboundary if and only if [5*7] e H^{T*g) vanishes. This is in particular the case for 7 = 0. 

Exeimple 5.4 In [Pe97], Pelc introduces a family of Lie algebras An, where An is an (n+ l)-dimensional 
Lie algebra with basis Tq, . . . , T„ and commutator relations 



i- j ■ Ti+j for i + j < n 
otherwise. 



Here i € {—1,0, 1} is chosen such that i — i G 3Z. 

Then An is a solvable Lie algebra with commiitator algebra A',-^ = span{r, : / > 0}. Let us assume that 
n = 3m for some m € M and that charK = 0. Then Asm carries a non-degenerate invariant symmetric 
bilinear form defined by 

l^{Ti,Tj) = Si+j^n 

(cf. [Pe97]). We claim that k is exact. Choose oq, . . . , a„ e IK in such a way that Ui = ai + (3, where 
P = —1 and ct = ^- Then ao = — 1 and Oj = — a„_j, and we define a 2-cochain rj € C^{An, K) by 

Note that we need ai = — a„_i to see that this is well-defined. 

Now r]{[Ti, Tj],Tk) vanishes if i + j + k n, and for i + j + k = n we get 

r]i[Ti,Tj],Tk)=i^j-ai+j. 

With j — k = {j — {n — j — i))^= i — j, this leads to 

-dv{Ti, Tj,Tk) = i - jai+j +j- kaj+k + k- iak+i = i - j{ai+j - at- aj) = i-j = K{[Ti, Tj],Tk). 

Therefore k is exact. 

Note that for m = 1 we thus obtain the split oscillator algebra. 
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Example 5.5 (a) If B = spanja;, y, c, d} is the split oscillator algebra from Section 5.1, then 6 = T*g for 
the 2-diniensional non-abelian subalgebra q := span{a;,d} and Th. 3.2 in [Bo97] implies that (4, ^2) is 
isometrically isomorphic to {T*g, k), which provides another argument for the exactness of K2- 

(b) For n = 3m and t = A^m, we observe that the ideal n span|Tn+i . . . . ,T„} is isotropic and 
abelian, so that [Bo97], Thm. 3.2 implies that i = T*{q) for g := i/n = A^^. Therefore Pole's algebras 
provide other examples of exact twisted cotangent bundles. Using the canonical basis (Ti)i=o,...,n of t to 
define a section g — > 6, we obtain 

^rTT^-/ ^ for i + j<^ 



In particular, 7 is non-zero. 



6 The topological setting 

In this section, we explain how the algebraic results from the preceding sections can be used in the 
topological setting. Actually these applications were our original motivation to study the work of Haddi 

and Zusmanovich. 

We now assume that K = R or C. Let A be a unital commutative locally convex associative K-algebra 
and t a locally convex K-Lie algebra. We endow q = A®t with the projective tensor product topology, 
turning it into a locally convex space with the universal property that for each locally convex space 3 
a bilinear map ip: Axl ^ i \s continuous if and only if the corresponding linear map ^ : ^ (8) 6 — >■ 3 is 
continuous. Then the Lie bracket on g is continuous because the quadrilinear map 

A X t X A X t ^ A (g) 6, {a,x,a' ,x') ^ aa' ig) [x, x'] 

is continuous and the continuous quadrilinear maps correspond to the continuous linear maps on 

(Aoe) (g) (^(g)t). 

In the topological context, we consider for a locally convex space 3 the space Z^{q,}) of continuous 
cocycles and the subspace B'^{g,],) of all coboundaries of the form dg£, where ^: g — > 3 is a continuous 
linear map. In the topological context, the relation between the space 

H!{3,i) ■.= Zl{Q,i)/Bl{Q,i) 

and the space of all linear maps from 

^^2,0(0) := Z2{q)/B;{^ ^ 3 

is more complicated than in the algebraic setup ([Ne02b]). To define the topological version of H2{q), we 
have to use the closure of -B2(g) to obtain a Hausdorff topology on the quotient space. We always have 
a natural map 

if2(0,3)^Lin(ff2,e(0),3), 

but in general there is no reason for this map to be injective or surjective. Therefore the homology space 
is much less interesting in the topological setting, and it often is easier to work directly with cocycles and 
coboundaries which is made possible by our results in Section III. 

The flip involution on g (g) g, endowed with the projective tensor product topology, is continuous, so 
that the kernel of the quotient map g(g>g — > A^(g), a;(g> j/ a; Ay is closed, which leads to a locally convex 
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topology on (g) . Further the bracket map bg : (g) ^ g is continuous because it is induced from the 
continuous bracket map, which shows that its kernel ^2(0) is closed. 

One easily verifies that the maps p± and a± from Section 2 are continuous, and likewise that the 
maps 

A^A(g)A, ai-^a(g)l and A^S'^{A), a a V 1 

are continuous. Therefore Lemma 2.1 yields a topological decomposition of the closed subspace .^2(0) of 
A^(fl): 

^2(0) = {A\A) ® S^{t)) (S{A^ Z2{t)) e {Ia A2(6)). 
This implies that any continuous cocycle / : x — > 3 defines three continuous maps 

/i: A2(A)®52(fi)^3, f2:A^A^{t)^i and /s : A2(e) ^ 3. 

Conversely, three such continuous linear maps combine to a continuous 2-cocycle of if and only if they 
satisfy the conditions from Theorem 3.1. 

If a continuous cocycle / = /i + /2 + /s is contained in B^{q,^), then it vanishes on .^2(0), which 
implies /i = /s = and that /2 is a continuous coboundary, i.e., there exists a continuous linear map 
^ : — > 3 with 

f{ax,by) = f2{ax,by) = f2{ab){x,y)=£{ab[x,y]) for all a,b e A,x,y et 

Clearly, this imphes that f2{A) C 5^(6, 3). If, conversely, f2{A) C B^{t,2i), then there exists a linear map 
h: A ^ Lin(6,3) with dth{a) = /2(a) for all a G A, but it is not clear whether the corresponding map 
h: A X i ^ j will be continuous. Therefore the exactness condition is quite subtle. 

If 6 is finite-dimensional, then the situation simplifies significantly. Then 5^(6, 3) = B'^{t,^) and if 
Lin(-, •) stands for "continuous linear maps", then 

Lin(^® A2({),3) ^ A^ty (E)Lm{A,i), 

so that we may consider /2 as a 2-cocycle in Z^{t,Lm{A,i)). If this map vanishes on ^2(8), then there 
exists a linear map /i: fi — > Lin(^,3) with 

J2{x,y){a) = h{[x,y]){a), a;,?/ G «,a G A. 

Then the map ^ x 6 — > 3, (a, x) 1— *■ h{x){a) is continuous and satisfies /2 = — dg.^. We thus get 

We collect the previous remarks in the following theorem which is analoguous to Theorem 4.2. It deter- 
mines the structure of the second continuous cohomology space for current algebras. Let us denote by 
£1]. {A) = Ja / J\ the locally convex module of Kahler differentials for the locally convex commutative 
associative algebra A. 

Theorem 6.1 Let I be a finite dimensional Lie algebra over K. Then the sequence 

{0} ^ Hi (s/sO © Lin(^, (t))-±-^Hl (g) Lin((i7 J {A) , dliA)), {Z' (e)r , B'^ (e)r)) ^ {0} 

is exact. 
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Proof. First we note that the short exact sequence ^ t' ^ i ^ t/t' ^ oi finite-dimensional vector 
spaces sphts. Since g' = A^t' is closed in g, it follows that the short exact sequence ^ fl' — > g — > 
q/q' — > also splits topologically. As we have observed above, Theorem 3.7 and its corollaries remain 
true in the topological setting. For Corollary 3.5, we use the topological splitting of B' in t. We have 
also seen above that the corresponding description of the coboundaries remains valid because 6 is finite 
dimensional. Further, the topological splitting of q' implies that Lemma 4.1 remains true. This implies 
the injcctivity of 

That ker = im$ is shown as in the proof of Theorem 4.2. Finally, the surjectivity of \E' follows from 
the fact that /'' and /? can be chosen as continuous maps, because of the existence of (continuous) linear 
right inverses of surjective linear maps to finite dimensional vector spaces. ■ 

Example 6.2 We consider the special case where M is a compact manifold and A = C°°(M, M) the 
Frechet algebra of all smooth real- valued functions on M. According to [Ma02] or [Co85], the universal 
topological differential module of A is given by ^1{A) = ^1^{M, M), the space of smooth M- valued 1-forms 
on M, and the de Rham- differential d: C°°(M, M) — > f2^(M, M) is a universal continuous derivation. It 
follows in particular that the space dA{A) is the space of exact 1-forms, which is non-zero. 
Now let 6 be a finite-dimensional real Lie algebra and 

0:=Ag)e = C°°(M, t). 

Up to cocycles vanishing on g x g', all continuous cohomology classes in H^{q) are then represented by 
sums / = /i + /2, where ^ 

/i: Ax A-^Sym^it)^ 

is an alternating continuous linear map for which there is a continuous linear map 

fl : n\M, R) Sym^(«)« with Ji{a, b) = (a • d{b) - b ■ d{a)), 

and _ 

dj(/2(a)) = -r(/j'(da)) for all a € A. 

We interprete the continuous linear map fi as a Sym^(£)*-valued current on M. It is a closed current 
if and only if it vanishes on exact forms. Typical examples of such currents arise from pairs k), where 
[0, 1] — > M is a piecewise smooth path and k € Sym^(6)'^ via 




but these examples satisfy 70/^ = 0. 



7 Appendix: A useful exact sequence 

The following section is very much based on information and hints we got from M. Bordemann ([Bo97]). 

Definition 7.1 Let 6 be a Lie algebra and a a 6- module. We denote the action as t x a ^ a by 
(a;, a) x.a. On the space C^(l, a) of o-valued Lie algebra cochains we have a natural action of 6 
denoted by 

p 

. ..,Xp)= X.U){xi,. ..,Xp) - ^Uj{xi, . . .,Xi-i, [x,Xi],Xi+i,. . .,Xp). 
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For p,q G No, we consider the injection 

fp: CP+o{t,a) ^ Cf(e,C«(e,a)), (fp/)(xi, . . .,xp){y^, ...,%):= f{xu ...,Xp,y^,.. .,y,). 
From the action of 6 on the spaces C"?(f, a), we obtain Lie algebra differentials 

4: Cf(«,C«(e, a)) ^ CP+\t,C\t, a)) 

and we also have 

4': Cf(e,C«(t,a)) ^ CP(e,C«+^(t,o)), wH^dtow 
satisfying on C*'+'^(t, o) the identity 

fp+i o d( = 4 o Tp + (-1)^+^4' o Tp+i. (20) 

(cf. [HS53], Lemma 1). 

Specializing to the trivial module a = K, we obtain in particular the maps 

ap :=Tp_i: CP{i) CP-\i,C^{i)) = CP'\t,r), 

which, in view of equation (20), commute with the respective Lie algebra differentials because d'^ o Tp 
vanishes on C^(6, K). Hence they induce linear maps 

ap:HP{t)^HP-\tX), H ^ [5p(a;)]. 

For the J- module; the subspacc; dfi* of C^(t, fe*) consists of maps whose associated bilinear map is 
alternating. We thus have a well-defined map 

S: C^{t,t)/B^{t,t) Sym^{t) 

which is a morphism of fi-modules. We now obtain maps 

Pp = So fp_^ : CP{t, r) ^ Cf-i(«, Sym\t)) 

satisfying 

Ppodi = S'oTp.i odt = (4 ofp_2) = 4 oS-ofp.a = 4o/3p_i. (21) 
Hence /3p induces a linear map 

From the construction, we immediately get /3p o Sp+i = 0, which leads to (3p o ap+i = 0. 
Proposition 7.2 For any Lie algebra t, we obtain with j{k) '■= [^{k)] an exact sequence 

{0} ^ H^{t)^^H^{t,r)^^Sym\t)'—^H^t)^^H\t,r)^^H'{t,Sym\t)). 
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Proof. To see that for each cocycle w G Z^{l,l*) the symmetric bilinear form is invariant, we 

note that _ 

l3-i{uj){[x,y\,z) = uj{[x,y\){z) + ui{z){[x,y\), 

and if w is a cocycle, this can be written as 

l^i{t^){[x,v\,z) = {x.u){y)){z) - {y.u){x)){z) + uj{z){[x,y\) = uj{y){[z,x]) + uj{x){[y, z]) + uj{z){[x,y\), 

showing that this trilinear form is alternating, and hence that (3i{uj) is invariant. 

Exactness in iJ^(fi): We only have to show that is injective. If w e Z'^il) satisfies 02 (w) = diT] 
for some ?7 € 6*, then 

uj{x,y) = {de'q){x){y) = {x.T]){y) = -r]{[x,y]), 

which implies that w is a 2-coboundary. 

Exactness in H^{t,t*): Clearly fii o a2 = 0. If, conversely, = 0, then w: 6 — > 6* is a linear 

map whose associated bilinear form w{x,y) := u{x){y) is alternating. In this situation, we have 

duj{x,y,z) = -uj{[x,y]){z) - uj{[y, z]){x) - Lj{[z,x]){y) = -Lj{[x,y]){z) + uj{x){[y, z]) + uj{y){[z, x]) 
= {-u{[x,y])-y.u{x)+x.uj{y)){z) = {dtu){x,y){z). (22) 

We conclude that 2 is a cocycle if and only if lu is one, and from that we derive that ker /3i ~ imQ!2. 

Exactness in Sym^(6)': Next we show that 7 o /3i = 0. So let w € Z^{t, t*) and write uj = aj+ + oj-, 
where u)+ is symmetric and U- is alternating. Then 

r0i{u;))ix,y,z) = uj{{x,y])iz) + uj{z){[x,y]) = uj{y){[z,x]) + u;{x){[y,z]) + ujiz){[x,y]), (23) 

and the closedness of iv also shows that J2cyc '^{{^^y])i^) — ^Scyc ^])> which leads to 

^0i{i^)){x,y,z) = '^uj{[x,y]){z) - uj{z){[x,y]) = 2^uj-{[x,y], z) = -2dtuj-{x,y, z). 

eye. eye. 

Hence r{(3i{uj)) is always exact, so that 7 o /3i vanishes on the level of cohomology spaces. 

To see that ker 7 C im/3i, suppose that k is an exact invariant bilinear form and rj G C^{t) satisfies 
dr] = — r(K;). Then u{x){y) := K{x,y) + r]{x,y) defines a linear map u: t* with 

{diu){x,y){z) = {x.uj{y) -y.ujix) -uj{[x,y])){z) 

= i^{y){[z,x]) +uj{x){[y,z]) - Lj{[x,y]){z) 

= i^{[x,y], z) + r]{y,[z,x]) + i](x, [y, z]) -rj{[x,y],z) 

= K{[x,y],z) + dtT]{x,y,z) = (TiK) +di'i]){x,y,z) =0. (24) 

From the preceding calculation, we also see by putting = 0, that the linear map k: 6^6* defined 
by an invariant symmetric bilinear form k is a 1-cocycle if and only if r(«;) vanishes. 

Exactness in H^{t): The transfer formula for differentials implies that an alternating trilinear form 
a; on J is a 3-cocycle if and only if the corresponding alternating bilinear form 53(0;) is a 2-cocycle. 
Therefore the image of consists of those cohomology classes having a representing cocycle whose 
associated trilinear form is alternating. 

For K £ Sym^(6)', the corresponding 3-cocycle T(k) and the corresponding linear map k: t ^ t*, we 
have 

23(r(K))(x, y) = k{[x, y],-) = -{dji){x){y) 
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because 

dK{x,y){z) = {x.K{y)){z) - {y.K{x)){z) -K{[x,y]){z) 

= -K{y,[x,z]) + K{x,[y,z]) - K{[x,y],z) = K{[x,y],z). (25) 

We conclude that a3{T{K)) is exact, so that Ss o F induces the trivial map as 07: Sym^(fi)* — > 6*). 
Let / e Ci(e,r) and write /(a, b) = f{a){h). We then have 

df{x,y){z) = (x.fiy) - y.fix) - /([.x, = f{y){[z,x]) + f{x)i[y,z]) - mx,y]){z) 

= f{y){[z,x])-{y.f){x,z). (26) 

This map is alternating in {x,y), and it is alternating in {x,z) if and only if y. f is alternating. Writing 
f = ,f+ + /- for the decomposition of / into symmetric and alternating components, this is equivalent 
to y.f+ = 0. We conclude that df{x,y){z) is alternating if and only if is invariant. 

To verify the exactness in H^{t}, we now assume that uj e Z^{t) satisfies a3{oj) G B^(6, 6*), i.e., 
q;3([cj]) = 0. Then there exists an / e C^(t,6*) with a3(cj) = d^f, and the preceding paragraph implies 
that /+ is an invariant symmetric bilinear form on t satisfying 

a3{ij)=dtf = -r{f+)+dif-, 

where / = f+ + f- corresponds to the decomposition / = f+ + f-. We conclude that [53(0;)] = — [r(/+)], 
which implies exactness in H^{t). 

Exactness in H-^{i,t*): We claim that ker/32 = imas. To verify this claim, pick w G Z^({, t*) for 
which /32{ij) is exact, i.e., there exists a symmetric bilinear form k G Sym^(6) with /32{i^) = dtK, i.e., for 
x,y, z £ t we have 

u;{x,y){z)+u>{x,z){y) = {x.K){y,z) = -K{[x,y],z) - K{y, [x,z]). 
Let rj G C^(J, 6*) and write rj for the corresponding bilinear map on t with ri{x, y) = rj{x){y). Then 

drj{x, y){z) = {x.rj{y) - y.rj{x) - j]{[x, y])){z) = -T]{y, [x, z]) + r]{x, [y, z]) - r]{[x, y],z). 
Therefore 

P2{dtr}){x){y,z) = rj{y){[z,x]) -?]{[x,y]){z) +?j{z){[y,x]) -T]{[x, z],y) 

= 2{?i+{[y,x]){z) + ?j+{[z,x]){y)) = 2{x.v+){y,z), (27) 

and this leads to _ _ 

f32id,7r)=2d,r^+^d,{Mv))- 

Since f3i{C\t,r)) = Sym2({), we find some rj G C\i,t*) with f3i{rf) = k, and then 

/32(a; — dtf]) = dtK — dtr]+ = 0, 

so that for co' := co — dfq G Z^(t, 6*) the corresponding trilinear map is alternating. This means that 
[w] = G imas. ■ 
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